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In this paper, we study the response of a Bose-Einstein condensate with strong dipole—
dipole atomic interactions to periodically varying perturbation. The dynamics is gov-
erned by the Gross—Pitaevskii equation with additional nonlinear term, corresponding
to a nonlocal dipolar interactions. The mathematical model, based on the variational
approximation, has been developed and applied to parametric excitation of the conden-
sate due to periodically varying coefficient of nonlocal nonlinearity. The model predicts
the waveform of solitons in dipolar condensates and describes their small amplitude dy-
namics quite accurately. Theoretical predictions are verified by numerical simulations
of the nonlocal Gross—Pitaevskii equation and good agreement between them is found.
The results can lead to better understanding of the properties of ultra-cold quantum
gases, such as ®2Cr, 194Dy and '98Er, where the long-range dipolar atomic interactions
dominate the usual contact interactions.

Keywords: Bose-Einstein condensate; dipolar interactions; matter-wave soliton; shape
oscillations; variational approach.

1. Introduction

The properties of cold quantum gases are mainly determined by interaction forces
between particles. For dilute gases of alkali atoms, which constitute the major part
of the Bose-Einstein condensates (BEC) family, interaction potential in the ultra-
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cold regime can be modeled, to a very good precision, by a delta function Uecont(r) =
47h?m = as-d(r). This corresponds to isotropic contact interaction between particles
of mass m, whose strength is proportional to the s-wave atomic scattering length a.
Such a single parameter pseudo-potential has been quite successful in interpretation
of experimental data obtained in the mean field regime.!?

Bose—Einstein condensation of chromium with anisotropic and long-range dipo-
lar atomic interactions has opened new direction in the physics of ultra-cold quan-
tum gases.>* Subsequently, two other species with strong dipolar interactions,
namely dysprosium® and erbium,® were Bose condensed. The principal difference
of chromium condensates from the alkali atom condensates is that, °?Cr has a
large permanent magnetic dipole moment p = 6up, where pup = eh/2m, is the
Bohr magneton. Since the dipole—dipole force is proportional to the square of the
magnetic moment, the dipolar interactions in chromium condensate is a factor of
36 times stronger than in alkali atom condensates, like 8”Rb. Similar arguments
pertain also for other dipolar quantum gases, 4Dy and '58Er. There is another
group of alkaline-earth elements *°Ca and ®4Sr, Bose-condensation of which was
reported in Refs. 7 and 8, respectively, which do not carry the magnetic moment.
The peculiarity of this group is that, the condensate can be held and manipulated
in optical traps. In addition, magnetic Feshbach resonances, frequently applied to
tune the scattering properties of other atomic systems, are absent here. The op-
tical Feshbach resonance technique,’ instead of magnetic, serves the purpose in
BEC of alkaline-earth elements. This group holds promise for wide applications in
metrology, quantum computation, quantum simulators of many-body phenomena
and ultracold plasmas.

Long-range and anisotropic character of atomic interactions drastically modify
the properties of dipolar condensates compared to other BECs that have been cre-
ated so far.!9 Tunability of contact interactions by a Feshbach resonance'! allows
to enter the regime of dominant dipolar interactions by lowering the contact inter-
actions. In fact continuous transition between both regimes, with dominant contact
or long range interactions is possible by this technique.

Interactions between atoms in BEC is the factor leading to nonlinearity of the
governing equation. Although these interactions are very weak in dilute gases, all
essential properties of BECs are determined by the strength, range and symmetry
of interatomic forces. For short range contact interactions and sufficiently low tem-
perature, the dynamics of BEC is well described by the Gross—Pitaevskii equation
(GPE) with local cubic nonlinearity.!?1? In contrast to other elements in the BEC
family, the atomic interactions in dipolar gases are long-range and anisotropic. This
circumstance substantially changes the properties and mathematical treatment of
dipolar BECs. Due to the long-range correlations, not only the local density but
also the whole density distribution in the condensate determines the interaction
potential of an atom in the cloud. In its turn this leads to the nonlocal GPE for
description of the dynamics of dipolar condensates.
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The nonlocal character of atomic interactions prevents collapse of a two-
dimensional (2D) BEC loaded in a pancake-shaped trap and gives rise to stable
isotropic'* and anisotropic 2D solitons,'® whose properties are well described by
the variational approximation (VA). Some essential properties of 1D bright solitons
in dipolar BEC with competing local and nonlocal atomic interactions, including
the existence regimes, stability and collision dynamics, were reported in Ref. 16.
Recently a model for the dipolar condensate has been introduced, in which the
dipole-dipole interaction is periodically modulated in space.'” It was shown that
the VA provides accurate predictions for the shape of solitons and their stability
by means of the Vakhitov—Kolokolov criterion. The importance of low energy shape
oscillations of matter-wave packets in studies of microscopic properties of dipolar
quantum gases was pointed out in Ref. 18. A nonintegral form of the GPE for polar-
ized molecules was proposed in Ref. 19 and applied to investigation of the collective
excitation spectrum of dipolar BEC. The existence regime of bright solitons in the
electrically polarized BEC was identified using the proposed model.

The objective of this work is to study the dynamics of a dipolar BEC governed
by the nonlocal GPE by means of variational approximation?® and numerical simu-
lations. Recently, similar approach has been applied to interaction of a soliton with
a weak potential barrier in the middle of the parabolic trap.?! Our work distin-
guishes itself from other relevant publications in that, we obtain explicit ordinary
differential equation for parameters of the soliton, instead of integro-differential
equations, involving special functions. Also, we provide thorough comparison be-
tween the results of VA and numerical simulations of the GPE.

The paper is organized as follows. In Sec. 2, we briefly describe the potential
of dipolar interactions between atoms and introduce the nonlocal GP equation.
In Sec. 3, the VA for the nonlocal GPE has been developed and applied to low
energy shape oscillations of the condensate. In concluding Sec. 4, we summarize
our findings.

2. The Interaction Potential and Governing Equation

Atomic density in dilute quantum gases is in the range ~ 10'3 — 10'® cm =2, which
is four to six orders of magnitude smaller than the molecular density in air at room
temperature and normal atmospheric pressure ~ 10 cm~3. Despite the extremely
low atomic density of BECs, their properties are strongly influenced by interatomic
interactions. In ultra-cold quantum gases without significant magnetic or electric
dipole moments, usually only short-range, isotropic contact interactions are
important.

When atoms have significant dipole moment a new kind of interaction via long-
range and anisotropic dipolar forces arises, in addition to contact interactions. The
corresponding potential of dipole-dipole interactions is*

Caal— 3COS(29)

Uaalr,0) = S22 222, 1)
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where the coupling constant Cyy = pop? for atoms having permanent magnetic
dipole moment y (ug is the permeability of vacuum), and Cyq = d?/eq for atoms
having permanent electric dipole moment d (¢q is the permittivity of vacuum), 6 is
the angle between the direction joining the two dipoles, and the orientation of the
dipoles (here we assumed that all dipoles are aligned along the same direction). It
should be pointed out that electric dipole moment can also be induced by exposing
the gas to DC electric fields.??

It is evident from Eq. (1) that dipolar interactions are anisotropic — for instance,
two dipoles placed head-to-tail (6 = 0) attract each other, while placed side-by-side
(0 = 7/2) repel. Tuning the strength of dipolar interaction is also possible by fast
rotation of the orientation of dipoles in the polarizing field.?* The time averaged
potential has the form:*

(Uaa(r,0,¢)) = (2)

pop? 1 —3cos(20) [3cos?(p) — 1
4 rd 2 ’

When the tilt angle changes in the interval ¢ € [0, 7/2] the term in the rectangular
brackets changes from 1 to —1/2.

In real experimental conditions, there is always a competition between the dipo-
lar and contact interactions. A dimensionless coefficient, characterizing the relative
strength of these two kinds of atomic forces has been introduced:*

2
op*m 3)

Sdd = 1orh2ay,

where the numerical factors are chosen in such a way that, the homogeneous con-
densate is stable against 3D collapse, when 49 < 1. In particular, for °2Cr atoms
with the s-wave scattering length a; = 16ap and magnetic dipole moment u = 6up,
where ap and pup are the Bohr radius and the Bohr magneton, respectively, one
has €44 = 0.16. This can be compared to the ordinary case of 3’Rb atoms with
as = 0.7ap and p = 1.0up, when the calculation gives €44 = 0.007. Therefore,
the effect of dipolar interactions in °2Cr condensate is much stronger than in 3"Rb
condensate.

The GPE for the wave function of a dipolar condensate has the form:?*

ov h? 4drh2a,
iy =~ AU+ Ve (r) + =

[T + /Udd (r—/ )| U, t)2de’ | O,
(4)
where Vexi(r) is the external trapping potential for the condensate.

In this paper, we shall consider the dynamics of a dipolar condensate in quasi-
1D geometry. Experimentally this setting can be realized by loading the condensate
in a cigar shaped trap with tight radial confinement and weak axial confinement.
The dipoles are assumed to be aligned along the axial z-direction, therefore the
dipolar interaction is attractive. When the radial confinement is strong enough,
one can assume that the radial dynamics is frozen and factorize the wave function

as U(x,p,t) = P(x,t)d(p), where ¢(p) = exp(—p?/2(?)//7l is the ground state of
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a 2D harmonic oscillator with | = /A/mw, being the radial harmonic oscillator
length, w, is the radial trap frequency. Inserting the above factorized wave function
into Eq. (4) and performing integration with respect to variable p, the following
reduced 1D GPE can be obtained:

) aw K2 82w ) +oo )
G = =gz + (Voul@) + uoldl? + [ Vo = eDlie. P )
(5)
where ¢1p = 2hwas is the reduced 1D nonlinear coupling constant, Vex(z) =

(1/2)mw?2? is axially confining potential (parabolic trap with frequency w). The
reduced 1D potential of dipolar interactions was derived in??

2ad?

Uga(z) = T [2]z] — V7 (1 + 22?) exp(z?) erfe(|z|)] , (6)
where d is the dipole moment, [ is the harmonic oscillator length of strong radial
confinement, « is a variable that may change between a« =1 (f# =0) and o = —1/2

(0 = 7/2). Note that although the original 3D potential of dipole-dipole interactions
is singular at » = 0, the reduced 1D potential is regularized and finite at x = 0.
Equation (5) can be further reduced to dimensionless form by introducing variables:

r—z/l,t = wt, P — 2agh, d — d/\/([Phw)

oY 19%

+oo
=55+ (V@) = alo? - 2002

2 10 R T

— 00
where R(z) ~ Ugq(z) is the dimensionless nonlocal kernel function, and ¢ ~
—sgn(as) is the dimensionless strength of contact interactions.

Equation (7) in absence of external potential and nonlocal integral term is the
well known 1D nonlinear Schrodinger equation, which supports a spectrum of exact
soliton solutions. In experiments, one approaches this limit by confining the con-
densate in an elongated cigar shaped trap with tight radial confinement. Although
the presence of a weak axial trap Vexi(z) breaks the integrability of the governing
equation, many properties of localized states remain close to those of the classical
solitons, as demonstrated in the recent experiment.?® The nonlocal term in Eq. (7)
also breaks the integrability, but it does not exclude the existence of stable localized
states in the system in particular regions of the parameter space.!® Since we are
mainly interested in self-trapped localized states of BEC, for our purposes the ex-
ternal trap potential can be set to zero Vex(z) = 0, and this will be assumed below.
It should be pointed out, that the external potential can be easily incorporated into
the scheme of VA.20

Thus, when the dipolar atomic interactions are taken into account, the equation
governing the dynamics of the condensate is the nonlocal GPE (7). Both the contact
interactions represented in this equation by the cubic nonlinearity, and dipolar
interactions represented by the integral term, are tunable by the Feshbach resonance
technique. We shall be interested in periodic variation of the dipolar interactions
at fixed strength of contact interactions.
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3. The Variational Approximation

Below we consider the following equation describing the dynamics of the condensate
in presence of both dipolar and contact interactions:
Oy 10%) e
i+ 5o Al + gty R(|lz — &) [w(&, t)[?de =0, (8)
ot  20x o
where g(t) = 2a(t)d? is the strength of dipolar interactions, which can be var-
ied through time dependent «. The wave function ¥ (z,t) is normalized to N =
fjooj |¢(x)|?dx, which is a conserved quantity of Eq. (8), proportional to the num-
ber of atoms in the condensate.
The kernel function (6) is complicated for the variational analysis. For qualita-
tive understanding of the effect of nonlocality on the dynamics of dipolar BEC we
consider analytically tractable Gaussian ansatz for the response function:

1 x?
R(x) = 5= P <_W) , 9)
which is normalized to one fj;o R(z)dx =1, and Gaussian ansatz:
2
P(x,t) = A(t) exp [_%j(—t)Q +ib(t)x? + i(;ﬁ(t)] , (10)

with norm N = [ |¢(z)|?dz = A%a\/T.
Equation (8) can be derived from the Lagrangian density

= S0 = um) + gl = Jalvl* = Sl P [ R - Oluie 0P,
(1)

where the subscript denotes derivative with respect to corresponding variable, i.e.
Py = O/ 0L, 1, = O /Ox. Now using the trial function (10) one obtains

Lo = 507 — i) = A2 a4 ) (12)
Lo = 1|¢T|2 _ —A2 ( ! +4b2) 2g-a%/a? (13)
Lo = —galult = —Sqate >/ (1)
L1 =300 [ Rl - 9lu(e 0P

Ty M P

To evaluate the last integral in £4 we make the change of variables® z = 1 (z—¢),

Yy = %(x + &), therefore x = y + 2z, £ = y — 2z, i.e. we have functional dependence
between old and new variables © = x(y, 2), £ = £(y, z). Then for the Jacobian of
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the transformation we have J = |z,&, — z.&,| = 2. Consequently dzdé = 2dydz.
The averaged Lagrangian terms L; = [ L£;dx are computed straightforwardly

A%f( a bt+¢t> (16)

= Aay/m (ﬁ + a2b2> : (17)

L= q“‘gf @ (18)

+oo  ptoo 2 212 2
L, = / / exp [ ] exp [—M} dydz
27rw a

o g(t)A*a®\/7 (19)
2vV2VaZ ¥ w?
Then the final expression for the averaged Lagrangian L = L1 + Lo+ L3 + Ly is
L 1 gN g(t)N
N 4a? 2V2ma  2v/2m(a? + w?)' /2
The Euler-Lagrange equations d/dt(0L/0v,) — OL/0v = 0 for variational parame-
ters v — ¢, b, a yield the following system:

1
+a2b? + §a2bt + ¢y — (20)

1 qgN g(t)N
Ny =0, a;=2ab, b =— —2b>— — . 21
' ' "7 24t 2V2ma3 227 (a? + w?)3/2 1)

The first equation in (21) is decoupled from others and declares the conservation of
the wave packet’s norm. The equation for the width of the soliton can be derived
from the last two equations in (21):

1 qN g(t)N a

att = ~3 — 4 2 2\3/2 ° (22)

a V2ma? V2r (a? 4+ w?)
This equation is similar to equation of motion for a unit mass particle in the an-
harmonic potential

ai=-Y with U = = - N gl . (23)
Oa 2a? 2ra  V2m(a? + w?)l/2

The stationary state corresponding to the minimum of the potential well 90U /0a = 0

gives the width of the soliton and its amplitude via the norm A = \/N/(ay/7).

Therefore, the shape of the soliton, given by Eq. (10) is determined by the varia-
tional approximation.

Equation (22) which allows to find the stationary solution of the original GPE

(8) and describes its dynamics near the fixed point, is the main result of the present

work. At large departures from the stationary state, the waveform (10) can deviate
from the Gaussian shape, and the predictions of the VA become less accurate.
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Fig. 1. (Color online) Left panel: The shape of the anharmonic potential given by Eq. (23) for

pure dipole-dipole interactions (¢ = 0, red solid line), and in presence of repulsive (¢ = —1, blue
dashed line) and attractive (¢ = +1, purple dot-dashed line) contact interactions. The stationary
width of the soliton corresponding to these cases are ag = 2.59, ap = 3.37 and a9 = 1.80,

respectively. Right panel: Stationary localized solutions of the GPE (8) with Gaussian response
function (9) for pure dipolar interactions (red line) and in presence of repulsive (blue line) and
attractive (purple line) contact interactions. Dashed lines correspond to predictions of the VA.
Parameter values: N =1, w = 5.0 and g = 10.

The stationary width of the soliton ag is calculated from the following condition:

w4, VI (24)
(a3 +w3)3/2 " g gN
Figure 1 illustrates the shape of the potential U(a) for a pure dipolar condensate
(¢ = 0), and when the contact interactions are also present (¢ = £1). The stationary
state solutions of the GPE for these cases are obtained by the method of relaxation
in imaginary time, as described in Ref. 27. As can be seen from this figure, the
soliton in a pure dipolar condensate (¢ = 0) is perfectly described by the Gaussian
function. The result of numerical solution of the GPE is indistinguishable from the
prediction of VA. In presence of contact interactions (¢ = £1), noticeable deviation
from the Gaussian shape is seen near the peak and periphery of the wave packet.
The frequency of small amplitude oscillations around the fixed point ag is

wo= | o — 24N A ( 345 —1)}1/2 (25)
° V2mad  V2m(ad + w?)3/2 \ af + w? '

The repulsive contact interactions (¢ < 0) give rise to decreasing of the frequency
of oscillations compared to the case of pure dipolar interactions (¢ = 0), while the
effect of attractive interactions (¢ > 0) is opposite, leading to increasing of the
oscillations frequency. In Fig. 2, we depict the frequency of shape oscillations of
the soliton as a function of the strength of contact interactions, according to
Eq. (25). The same figure shows the stationary width of the soliton for a given
strength of contact interactions, obtained from Eq. (24). Comparison between the

1350184-8



Parametric Ezcitation of Solitons in Dipolar Bose—Einstein Condensates

0.40 3.5

13.0
wy 0.30 42.5 @

12.0

Fig. 2. (Color online) The frequency of low energy shape oscillations (wo) of a matter-wave packet
in dipolar BEC as a function of the strength of contact interactions ¢, according to Eq. (25) (red
solid line), and the stationary width of the soliton (ag) obtained from Eq. (24) (blue line). The
symbols indicate the results of numerical solution of the GPE (8). Parameter values: N =1, w =75
and g = 10.

prediction of VA and the result of numerical solution of the governing GPE (8),
expressed by symbols, reveals fairly good agreement.

Low energy collective oscillations of atoms can provide essential information
about the interatomic forces in BEC.?8 In this regard, the analytic expression (25)
for the frequency of shape oscillations of a matter-wave packet can be useful in
relevant experiments with dipolar BEC.

Figure 3 illustrates the oscillations of the soliton’s width under periodic variation
of the strength of nonlocal interactions. As for the physical implementation of this
setting, changing the strength of dipole-dipole interactions can be performed by
means of a rotating polarizing magnetic field.?3 Such a field gives rise to precession of
dipoles (arranged in “head-to-tail” configuration @ = 0, in a quasi-one dimensional
trap) around the axial direction, on a cone of aperture 2¢. When the angular
frequency of rotation 2 is small than the Larmour frequency, but much greater than
the trapping frequencies, only the time average over the period 27/ determines the
effective strength of dipole-dipole interactions, given by Eq. (2). Thus, by periodic
variation of the tilt angle ¢ one can induce the periodic change of the strength of
dipolar interactions.

As can be seen in the left panel of Fig. 3, the amplitude of oscillations
(@max — Gmin) increases linearly at the initial stage, which is characteristic to the
resonance phenomenon. Scanning over the interval of frequencies w = 0 — 1 reveals
the parametric resonance at 2wg in addition to the main peak at wg. To retrieve
the width of the wave packet from the solution of the GPE we use the following
relation:

o 1/2
aft) = (2. Jo% x2|1/}(967t)|2d$> ' (26)

S0 () Pd
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Fig. 3. (Color online) Left panel: Periodic variation of the coefficient of nonlocal nonlinearity
g(t) = 2d?(t) at resonant frequency a(t) = 14 0.01sin(wot), with d = v/5, wg = 0.274 gives rise
to oscillations of the soliton’s width. The amplitude of oscillations increases linearly at the initial
stage, as characteristic to resonant response. Right panel: Scan over some interval of frequencies
w € [0,1] reveals also the parametric resonance at w =~ 0.54, which is the twice of the main
resonance frequency wo. In both panels, the red solid line corresponds to numerical solution of the
GPE (8), while blue dashed line to variational approximation (22). All parameters are the same
as in Fig. 1 for pure dipolar interactions.

Fig. 4. Evolution of the matter-wave packet under periodic variation of the strength of dipo-
lar interactions. Excitation of shape oscillations under parametric perturbation is evident. The
initial condition for the GPE (8) is taken as stationary solution predicted by the variational
approximation ¢(z,0) = Agexp(—z?/(2a2)), with A9 = 0.467 and ap = 2.586. The coef-
ficient of nonlocal nonlinearity is periodically changed at resonant frequency wo = 0.274 as
g(t) =10 (14 0.01 - sin(wot)).

In Fig. 4, we show the evolution of the matter-wave packet under periodically
changing coefficient of nonlocal interactions. Excitation of regular oscillations with
the frequency of parametric driving is clearly observed. Gradual increase of the
amplitude of oscillations is due to the resonance phenomenon.

For numerical simulations of the GPE (8) we employ the split-step method?®
with 1024 Fourier modes in the integration domain x € [—6m, 67]. The time step
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was set to At = 0.001. To speed up the evaluation of the integral in the nonlocal
term, the convolution theorem has been used.3? It is well known that soliton under
perturbation emits linear waves, which can re-enter the integration domain due
to reflection from the domain boundaries. For emulation of the infinite integration
domain length and preventing the interference of the soliton with the emitted linear
waves, we use the absorbing boundary technique.?!

4. Conclusion

We have studied the effect of atomic dipole-dipole interactions on the dynamics
of Bose—Einstein condensates by means of variational approximation and numeri-
cal simulations. Dipolar interactions give rise to additional nonlinear term in the
Gross—Pitaevskii equation which is spatially nonlocal. For qualitative analysis, we
have employed a Gaussian response function in the nonlocal term. The developed
model predicts the stationary shape of the soliton in dipolar BEC and its small
amplitude dynamics near the equilibrium state quite accurately. Solitons in dipolar
BEC exhibit a resonant response to periodic variation of the coefficient of nonlocal
nonlinearity at the main perturbation frequency and double of the main frequency,
which is characteristic to the phenomenon of parametric resonance. Analytic ex-
pression for the frequency of low energy shape oscillations of the matter-wave packet
has been derived, which elucidates the contribution of contact and dipolar interac-
tions to the frequency of collective oscillations of the condensate. Obtained results
can lead to better understanding of the properties of ultra-cold dipolar quantum
gases.
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